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Abstract- Jayanthi and Maheswari

introduced one modulo three mean labeling and proved some standard

graphs are one modulo three mean graphs. We extend this concept to k-one modulo three mean labeling. In this
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1. INTRODUCTION

This paper deals with graph labeling. All
graphs considered here are simple, finite and
undirected. The terms not defined here are used in the
sense of Harary [7].

Somasundaram and Ponraj [9] have
introduced the notion of mean labeling of a (p,q)
graph. Different kinds of mean labeling are studied by
Gayathri and Gopi in [6]. Swaminathan and Sekar
[10] introduced the concept of one modulo three
graceful labeling. As an analogue, Jayanthi and
Maheswari [8] introduced one modulo three mean
labeling and proved that some standard graphs are one
modulo three mean graphs.

In [1], we obtained some necessary
conditions and properties for one modulo three mean
labeling. In [2], we obtained one modulo three mean
labeling of some family of trees. In [3], we obtained
one modulo three mean labeling of some special
graphs. In [4], we obtained one modulo three mean
labeling of disconnected graphs. In [5], k-one modulo
three mean labeling of snake related graphs was
obtained. Here we discuss k-one modulo three mean
labeling of some path related graphs.

2. MAIN RESULTS
Definition 2.1
A graph G=(p,q) is said to be k-one modulo

three mean graph if there is a function f from the
vertex set of G to the set

{0, 1,3, 4,6, 7, ...3(k+q)—6, 3(k+0q)—5} with fis
one-one and f induces a bijection
f (x)€{4,10,16,...,3k -8} from the edge set of G to

the set 2@ where f*(uv) =’7 f(U)Z f(V)—‘ and

the function f is called as k-one modulo three mean

labeling of G. Here, " (uv) =1(mod3) for every edge
uvin G.
Theorem 2.2

The path P, is a k-one modulo three mean
graph for

1) nisevenandk >1

2) nisoddandk>2.
Proof

Let {u;, 1 <i < n} be the vertices and {e;, 1 <
i <n - 1} be the edges which are denoted as in Figure
2.1.

o ) R By

Uy i U by Uy Uy
Figure 2.1: Ordinary labeling of P,

First we label the vertices as follows:
Definef:V—{0,1,3,4,..,3k+q)-6,3k+q)-

5} by
Case l:nevenand k>1
For1<i<n,
¢ _ |3i+3k-6 iodd
) _{3i+3k—8 i even
Case2:nodd and k > 2
Fori1<i<n,
3i+3k—-8 iodd
f(u) = {3- .
i+3k—-6 ieven

Then the induced edge labels of the both cases are:
Fori1<i<n-1,

f'(e) =3i +3k-5

The above defined f provides k-one modulo
three mean labeling of the graph P,,.
7-one modulo three mean labeling of the graph Pg is
shown in Figure 2.2.
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Figure 2.2: 7-OMTML of Pg

Theorem 2.3

The star graph K,, is a k-one modulo three mean
graph for any k > n.
Proof

Let {u;, 1 <i < n} be the vertices and {e;, 1 <i<n}
be the edges which are denoted as in Figure 2.3.

U U

U3 Up.1 Uy
Figure 2.3: Ordinary labeling of K;
First we label the vertices as follows:

Definef:V— {0,1,3,4,...,3(k+q) -
5} by

6,3(k+q) -

f(u) =3k+3n-5
Forl<i<n,
f(u) =6(i—1)+3(k-n)
Then the induced edge labels are:
Forl<i<n,
f7(e) =3(—1)+3k-2
The above defined function f provides k-one
modulo three mean labeling of the graph Ky .

16- one modulo three mean labeling of the graph Kj 19
is shown in Figure 2.4.

B %4 N ¥ L @/ M 60 6 7

Figure 2.4: 16-OMTML of Kj 19
Theorem 2.4

The comb graph P, is a k-one modulo three
mean graph for all m and k.
Proof

Let {u;, vi, 1 <i<m} be the vertices and
{ei, 1 <i<2m - 1} be the edges which are denoted as
in Figure 2.5.

Ug [ uz (N U3 Up-1 o2 Um

€ € €s €2m-3 €2m-1]

Vi V2 V3 ce V-1 Vm

Figure 2.5: Ordinary labeling of P’

First we label the vertices as follows:

Definef:V—{0,1,3,4,..,3kk+q)-6,3k+q)-
5} by
For1<i<m,
6(i—-1)+3k—-3 iodd
fu)=-_. .
6(i—2)+3k+4 ieven
6(i—1)+3k—-2 iodd
fv)=1_. .
6(i—2)+3k+3 ieven
Then the induced edge labels are:
f'(e) =3i+3k-5 1<i<2m-1

The above defined function f provides k-one
modulo three mean labeling of the graph P, .

21-one modulo three mean labeling of the graph By is

shown in Figure 2.6.
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Figure 2.6: 21-OMTML of P

Theorem 2.5
The caterpillar G obtained by attaching n
pendant edges to each vertex of the path Py, is a k-one
modulo three mean graph for
i) m is even, for allnand k> 1.
i) m is odd, for all n and k > n.
Proof
Let G be a caterpillar obtained from the path
P., by attaching n pendant edges to each of its vertices.
Let {uj U, 1 <i<n,1<j<m} be the vertices and
{ej1<i<n 1<j<m, e, 1<j<m-1} be the edges
which are denoted as in Figure 2.7.

U Uy U U Upp oo Uy

Um Ugp =+ Unm

Figure 2.7: Ordinary Iabellng of PO Ky

First we label the vertices as follows:

Definef:V —>{0,1,3,4,..,3k+qg)-6,3k+q)-
5} by
Case 1: meven, forallnand k>1
Forl<i<n,1<j<m,

j odd

_[3(n+D(j-1)+6i+3k-9
() = 3(n+1)(j-2)+6i+3k—-2 jeven
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fu) = 3n+H(j-1)+3k-2 j odd
] 3(n+1)(j—2)+6n+3k-3 jeven

Case 2: modd, forallnand k>n

Forl<i<n,1<j<m

F(U)= 3n+1)(j-1)+6(-1)+3k-3n jodd
I 3(n+1)(j-2)+6i+3k+3n-5 jeven

fu) = 3n+D(j—-1)+3k+3n-5 jodd
Vo 13(n+1)(j-2)+3k+3n jeven

Then the induced edge labels of the both cases are:
Forl<i<n,1<j<m,

() =3(+1)(G—1) +3i+3k-5
Forl<j<m-1,

f"(e;) =3(n+1) (G- 1) +3k+3n-2

The above defined function f provides

k-one modulo three mean labeling of the graph
Pnl Kyp-
11-one modulo three mean labeling of the graph
Ry [ Ky 4 isshown in Figure 2.8.

T T T )
A0 golsAss  AURND /el AM}O
WY 465 560 55 6369 7682 88 94 818739
Figure 2.8: 11-OMTML of Pye Ky,

Theorem 2.6

The bistar B, , is @ k-one modulo three mean
graph for

1) m=nandk>1.

2) m>nandk>m-n+1.
Proof

Let {u;, 1 <i<m,v;, 1<i<n} be the vertices
and {e;, 1 <i<m+n + 1} be the edges which are
denoted as in Figure 2.9.

ug
&1
U2e_ € eme1
€3 f
em
Um

Figure 2.9: Ordinary labeling of By, »
First we label the vertices as follows:
Definef:V—{0,1,3,4, .., 3k+q)-6,3Kk+q)-
5} by
Casel:m=nandk>1
Forl<i<m,

f(u) =6i+3k-8

For1<i<n,

f(v;) =6i+3k-3

f(u) =3k-3;

f(v) =3m+3n+3k-2
Case2:m>nandk>2m-n+1
Fori<i<m, f(y) =6i+3n-3m+3k-8
For1<i<n,

f(v;) =6i+3m—-3n+3k-3

f(u)y =3k+3m-3n-3

f(v) =3k+3m+3n-2
Then the induced edge labels are:

f'(e,) =3i+3k-5 1<i<m+n+1
The above defined function f provides k-one
modulo three mean labeling of the graph By .

5-one modulo three mean labeling of the graph Bg, is
shown in Figure 2.10.

37 49

43

Figure 2.10: 5-OMTML of Bg,

Theorem 2.7

The ladder graph L, = P, x P, is a k-one
modulo three mean graph for

1) nisoddandk>1

2) nisevenand k> 2.
Proof

Let {u;, ui' , 1 <i<n} be the vertices and {e;, 1 <

i <3n -2} be the edges which are denoted as in Figure
2.11.

U ey u, es U, Uy egng Uy

€1 € e €3n-2

€ €5 €3n-4
Uy Uy U Un-1 Un

Figure 2.11: Ordinary labeling of L,

First we label the vertices as follows:
Definef:V—{0,1,3,4,..,3kk+q)-6,3k+q)-

5} by
Case 1: nodd and k > 1
For1<i<n,
9i+3k-12 iodd
f(u) =1 .
9i+3k-14 ieven
. 9i+3k-11 i odd
fu) =9 . .
9i+3k-9 ieven

Case 2: nevenand k> 2
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Forl1<i<n,
9i+3k-14 iodd
flu) =+ . .
9i+3k-12 ieven
: %9i+3k-9 iodd
f(u) =
() {9i+3k—11 i even
Then the induced edge labels are:
For1<i<3n-2,

f'(e) =3i+3k-5

The above defined function f provides k-one
modulo three mean labeling of the graph L.
6-one modulo three mean labeling of the graph Lg is

shown in Figure 2.12.

B 2 2% 31 3% 40 43 4 5 58 6 6 72 7% 79

16 %5 34 L&) 52 61 0 79

319 24 28 31 3 4 46 49 5 60 64 6 1B 78
Figure 2.12: 6-OMTML of Lg

Definition 2.8

Let G = P,(+)K, be the graph with the vertex
set V(G) ={u;, v, 1 <i<m, 1 <j<n}and the edge set
E(G) = {uillis1, U1V}, Upvj, 1<i<m-—1,1<j<n}
Theorem 2.9

The graph G = P, (+)K, is a k-one modulo
three mean graph if m= 0 (mod 4) for all k > 1 and for
all n.
Proof

Let {u;, 1<i<m,vj;, 1<j<n} be the vertices
and {e;, 1<i<m-1, q b, 1<]j<n} be the edges
which are denoted as in Figure 2.13.

U e up € U3 & Uy B oy Upg Em1  Um

Figure 2.13: Ordinary labeling of P, (+)K,

First we label the vertices as follows:
Definef:V—{0,1,3,4,..,3kk+q)-6,3k+q)-
5} by

3i+3k—6 1sis%, i odd

3i+3k—5 Mi1<i<m, i odd
fu)= 2 T

3i+3k—8 1sis%,ieven

3i+6n+3k-9 g+1si§m, i even

f(y,) =6i+3m+3k-8 1<i<n
Then the induced edge labels are:

3i+3k—5 1sis%
f(g) = .
3i+3n+3k-5 E+1Sism_l

t*(a;) :3j+3(%j +3k—5 1<j<n
f7(b;) =3j+3(m+n)+3k-8

The above defined function f provides k-one
modulo three mean labeling of the graph P, (+)K,,.
13-one modulo three mean labeling of the graph
P4 (+) K, isshown in Figure 2.14.

1<j<n

85

36 37 37 40 3 64 84
Figure 2.14: 13-OMTML of P,(+)K,

Theorem 2.10

The book graph K, x P, is a k-one modulo
three mean graph if n is even.
Proof

Let {u, v, w, u;, vi: 1 <i < n} be the vertices
and {a;, b, ¢, 1 < i < n} be the edges which are
denoted as in Figure 2.15.

u"_ bn Vn

U3 b3 V3

u.
an\ 2 bz Vo .
C;

ag Uy b, v, 3

ay C

a G
w
u '

Figure 2.15: Ordinary labeling of Ky , x P,
First we label the vertices as follows:
Definef:V—4{0,1,3,4, .., 3k+q)-6,3k+q)-
5} by

f(u) =3k-3, f(v) =9n+3k_2
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f(u) =6i+3k-8 1<i<n 150 oo & 1<i<h
Case 1: n=0 (mod 4) 2 4
15n . n . . n-=2
6n+6i+3k—-8 1sis% )= 2 -2 grisisT
9n . n+2 . 3n
. . - —+3i+3k-2 —<i<—
6n+6i+3k -2 2+1£|£n72 2+ ' 2 : 4
)= n+2 . 3n M givsk-5 M8 iy
6i+3k -3 TsisT 2 4
6i+3k -9 348 i<n f [cn] =9n+3k-2
4 2
* 33
f[an =on+3k-3 f (C3n+4j = Tn+3k_2
2 4
. 15n ) Case 2: n=2 (mod 4)
=20 3k-2
V3”4*4 2 " 3n+6i+3k—8 1sisn%2
Case 2: n=2 (mod 4) ) N6+ 3K_5 n+6§isn_2
fn+6i+3k—8  1<i< Mt F ) = & 2
4 6i+3k-5 2 ;. 3n-2
on+6i+sk—2 10y N2 §n+6 4
f(v)= 24 ; 22 6i+3k—8 .
6i+3k-3  Ccic ”4‘
6i 3k -9 3+6 _._ f {bn] =6n+3k-5
4 2
flv, | =9n+3k-3 f*(bwj =6n+3k—2
2 4
15n . n+2
—+3i+3k-5 1<i<—
f[v3n+2J = %+3k+1 2 4
4 () = D0 gisak-2 D8 no2
Then the induced edge labels are: i 2 4 2
f"(a) =3i+3k—5 1<i<n 9—2n+3i+3k—2 ”%ZsiSS”A‘Z
£ (w) = w 9—2n+3i+3k—5 3n4+esisn
Case 1: n=0 (mod 4) .
3n+6i+ 3k -8 1<i< Pl | =0 +3Kk-2
4 2
. 3n+6i+3k-5  Di1<i<N2 . _33n+12k
f ()= 4 2 ] Canso ==
4
6i+3k -5 ”Lzzsis%”
] n+8 . The above defined function f provides k-one modulo
6i+3k-8 g Si=n three mean labeling of the graph Ky, x P,.

f*(bn] =6n+3k-5
2

f*[b3n+4] =6n+3k-2
4

10-one modulo three mean labeling of the graph
Ky x P, is shown in Figure 2.16.
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Figure 2.16: 10-OMTML of Ky x P,

3. CONCLUSION

Here k-one modulo three mean labeling of some path
related graphs has been disused. More such graphs can
be labeled so that we can find properties on it which
will be our future study.
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