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1. INTRODUCTION  

This paper deals with graph labeling. All 

graphs considered here are simple, finite and 

undirected. The terms not defined here are used in the 

sense of Harary [7]. 

Somasundaram and Ponraj [9] have 

introduced the notion of mean labeling of a (p,q) 

graph. Different kinds of mean labeling are studied by 

Gayathri and Gopi in [6].  Swaminathan and Sekar 

[10] introduced the concept of one modulo three 

graceful labeling. As an analogue, Jayanthi and 

Maheswari [8] introduced one modulo three mean 

labeling and proved that some standard graphs are one 

modulo three mean graphs.  

In [1], we obtained some necessary 

conditions and properties for one modulo three mean 

labeling. In [2], we obtained one modulo three mean 

labeling of some family of trees.  In [3], we obtained 

one modulo three mean labeling of some special 

graphs. In [4], we obtained one modulo three mean 

labeling of disconnected graphs.   In [5], k-one modulo 

three mean labeling of snake related graphs was 

obtained. Here we discuss k-one modulo three mean 

labeling of some path related graphs. 

 

2. MAIN RESULTS 

Definition 2.1 

        A graph ( ,  )G p q
 
is said to be k-one modulo 

three mean graph if there is a function f from the 

vertex set of G to the set 

 0,  1,  3,  4,  6,  7,  ... 3( ) – 6,  3( ) – 5k q k q 
 
with f is 

one-one and f induces a bijection 

   4,1  0,1  6,  , 3 8f x k    from the edge set of G to 

the set 
 3

6

k q


 
where 

* (
(

) (
)

)

2

f u
v

f
f u

v 
  
   

and 

the function f is called as k-one modulo three mean 

labeling of G.  Here, *( ) 1(mod3)f uv   for every edge 

uv in G. 

Theorem 2.2 

 The path Pn is a k-one modulo three mean 

graph for 

1) n is even and k   1 

2) n is odd and k  2. 

Proof 

 Let {ui, 1  i  n} be the vertices and {ei, 1  

i  n – 1} be the edges which are denoted as in Figure 

2.1. 

u1 u2 u3 . . . un-1un-2 un

en-2 en-1e2e1

 
Figure 2.1: Ordinary labeling of Pn 

 

First we label the vertices as follows: 

Define f : V  {0, 1, 3, 4, ..., 3(k + q) – 6, 3(k + q) – 

5} by 

Case 1: n even and k  1 

For 1  i  n, 

 ( )if u  = 
3 3 6  odd

3 3 8  even

i k i

i k i

 


 
 

Case 2: n odd and k  2 

For 1  i  n, 

 ( )if u  = 
3 3 8  odd

3 3 6  even

i k i

i k i

 


 
 

Then the induced edge labels of the both cases are: 

For 1  i  n – 1, 

 
*( )if e  = 3i + 3k – 5 

 The above defined f provides k-one modulo 

three mean labeling of the graph Pn. 

7-one modulo three mean labeling of the graph P8 is 

shown in Figure 2.2. 
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Figure 2.2: 7-OMTML of P8 

Theorem 2.3 

  The star graph K1,n is a k-one modulo three mean 

graph for any k  n. 

Proof 

  Let {ui, 1  i  n} be the vertices and {ei, 1  i  n} 

be the edges which are denoted as in Figure 2.3. 

u

u1 u2 u3
un-1 un

enen-1e3
e2

e1

. . .
 

Figure 2.3: Ordinary labeling of K1,n 

 

First we label the vertices as follows: 

Define f : V  {0, 1, 3, 4, ..., 3(k + q) – 6, 3(k + q) – 

5} by 

 ( )f u  = 3k + 3n – 5 

For 1  i  n, 

 ( )if u  = 6(i – 1) + 3(k – n) 

Then the induced edge labels are: 

For 1  i  n, 

 *( )if e  = 3(i – 1) + 3k – 2 

The above defined function f provides k-one 

modulo three mean labeling of the graph K1,n. 

16- one modulo three mean labeling of the graph K1,10 

is shown in Figure 2.4. 

73

18 24 30 36 42 48 54 60 66 72

46
49 52 55 58 61 64 67 70 73

 
Figure 2.4: 16-OMTML of K1,10 

Theorem 2.4 

 The comb graph mP
 is a k-one modulo three 

mean graph for all m and k. 

Proof 

 Let {ui, vi, 1  i  m} be the vertices and  

{ei, 1  i  2m – 1} be the edges which are denoted as 

in Figure 2.5. 
u1 u2 u3 um-1 ume2m-2

e2m-1

vmvm-1v1 v2 v3 . . .

e1

e2 e4

e3 e5 e2m-3

 

Figure 2.5: Ordinary labeling of mP
  

 

First we label the vertices as follows: 

Define f : V  {0, 1, 3, 4, ..., 3(k + q) – 6, 3(k + q) – 

5} by 

For 1  i  m, 

 ( )if u  = 
6( 1) 3 3  odd

6( 2) 3 4  even

i k i

i k i

  


  
 

 ( )if v  = 
6( 1) 3 2  odd

6( 2) 3 3  even

i k i

i k i

  


  
 

Then the induced edge labels are: 

 *( )if e  = 3i + 3k – 5,    1  i  2m – 1 

 The above defined function f provides k-one 

modulo three mean labeling of the graph mP . 

21-one modulo three mean labeling of the graph 10P  is 

shown in Figure 2.6. 

61 66 73 78 82 85 88 90 94 97

97918579736761

60 67 72 79 84 91 96

100 102 106 109 112 114

115109103

103 108 115

64 70 76

Figure 2.6: 21-OMTML of 10P


 

 

Theorem 2.5 

 The caterpillar G obtained by attaching n 

pendant edges to each vertex of the path Pm is a k-one 

modulo three mean graph for 

i) m is even, for all n and k  1. 

ii) m is odd, for all n and k  n. 

Proof 

 Let G be a caterpillar obtained from the path 

Pm by attaching n pendant edges to each of its vertices. 

Let {uij, uj, 1  i  n, 1  j  m} be the vertices and 

{eij, 1  i  n, 1  j  m, ej, 1  j  m – 1} be the edges 

which are denoted as in Figure 2.7. 

u1 u2
. . . um

u11 u21
. . . un1 u12 u22 . . . un2 u1m u2m

. . . unm

e11
e21

en1
e12 e22 en2 e1m e2m enm

. . .

e1 em-1

 
Figure 2.7: Ordinary labeling of  m 1,nP K  

 

First we label the vertices as follows: 

Define f : V  {0, 1, 3, 4, ..., 3(k + q) – 6, 3(k + q) – 

5} by 

Case 1: m even, for all n and k  1 

For 1  i  n, 1  j  m, 

( )ijf u =
3( 1)( 1) 6 3 9      odd

3( 1)( 2) 6 3 2     even

n j i k j

n j i k j

    


    
 



International Journal of Research in Advent Technology, Vol.6, No.10, October 2018 

E-ISSN: 2321-9637 

Available online at www.ijrat.org 
 

2792 

 

( )jf u  = 
3( 1)( 1) 3 2        odd

3( 1)( 2) 6 3 3  even

n j k j

n j n k j

   


    
 

 

Case 2: m odd, for all n and k  n 

For 1  i  n, 1  j  m 

 

( )ijf u =
3( 1)( 1) 6( 1) 3 3    odd

3( 1)( 2) 6 3 3 5  even

n j i k n j

n j i k n j

     


     
 

( )jf u  = 
3( 1)( 1) 3 3 5  odd

3( 1)( 2) 3 3      even

n j k n j

n j k n j

    


   
 

Then the induced edge labels of the both cases are: 

For 1 i  n, 1  j  m, 
*( )ijf e  = 3(n + 1) (j – 1) + 3i + 3k – 5  

For 1  j  m - 1, 
*( )jf e  = 3(n + 1) (j – 1) + 3k + 3n – 2  

 The above defined function f provides 

 k-one modulo three mean labeling of the graph 

1,m nP K . 

11-one modulo three mean labeling of the graph 

5 1,4P K  is shown in Figure 2.8. 

40 43 45 58 70 73 75 88 100

31 34 37 40 46 49 52 55 61 64 67 70 76 79 82 85 91 94 97 100

21 27 33 39 46 52 58 64 51 57 63 69 76 82 88 94 81 87 93 99  
Figure 2.8: 11-OMTML of 5 1,4P Ke  

 

Theorem 2.6 

 The bistar Bm,n is a k-one modulo three mean 

graph for 

1) m = n and k  1. 

2) m > n and k  m – n + 1. 

Proof 

 Let {ui, 1  i  m, vi, 1  i  n} be the vertices 

and {ei, 1  i  m + n + 1} be the edges which are 

denoted as in Figure 2.9. 

u1

u2

...

um

e1

e2

e3

em

u

em+1

e m
+2

em+3

e
m+n+1

...

...

v1

v2

vn

v

 
Figure 2.9: Ordinary labeling of Bm,n 

First we label the vertices as follows: 

Define f : V  {0, 1, 3, 4, ..., 3(k + q) – 6, 3(k + q) – 

5} by 

Case 1: m = n and k  1 

For 1  i  m,  

( )if u  = 6i + 3k – 8 

For 1  i  n, 

 ( )if v  = 6i + 3k – 3 

 ( )f u  = 3k – 3;  

               ( )f v  = 3m + 3n + 3k – 2 

Case 2: m > n and k  m – n + 1 

For 1  i  m, ( )if u  = 6i + 3n – 3m + 3k – 8 

For 1  i  n, 

 ( )if v  = 6i + 3m – 3n + 3k – 3 

 ( )f u  = 3k + 3m – 3n – 3 

 ( )f v  = 3k + 3m + 3n – 2 

Then the induced edge labels are: 
*( )if e  = 3i + 3k – 5 1  i  m + n + 1 

 The above defined function f provides k-one 

modulo three mean labeling of the graph Bm,n. 

5-one modulo three mean labeling of the graph B8,4 is 

shown in Figure 2.10. 

43

1
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19

25

31

37
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49

48

42

36
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Figure 2.10: 5-OMTML of B8,4 

 

Theorem 2.7 

 The ladder graph Ln = Pn  P2 is a k-one 

modulo three mean graph for  

1) n is odd and k  1 

2) n is even and k  2. 

Proof 

 Let {ui, 
'
iu , 1  i  n} be the vertices and {ei, 1  

i  3n – 2} be the edges which are denoted as in Figure 

2.11. 

e1 e4 e7
e3n-2

e3n-4

un-1

e2 e5

u2
u1 u3 un

e3 e6

'

1
u '

2
u

'

3
u

'

1n
u



'

n
ue3n-3

 
Figure 2.11: Ordinary labeling of Ln 

 

First we label the vertices as follows: 

Define f : V  {0, 1, 3, 4, ..., 3(k + q) – 6, 3(k + q) – 

5} by 

Case 1: n odd and k  1 

For 1  i  n, 

( )if u  = 
9 3 12  odd

9 3 14  even

i k i

i k i

 


 
      

'( )if u  = 
9 3 11  odd

9 3 9  even

i k i

i k i

 


 
 

Case 2: n even and k  2 
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For 1  i  n, 

( )if u  = 
9 3 14  odd

9 3 12  even

i k i

i k i

 


 
       

'( )if u  = 
9 3 9  odd

9 3 11  even

i k i

i k i

 


 
 

Then the induced edge labels are: 

For 1  i  3n – 2, 
*( )if e  = 3i + 3k – 5 

The above defined function f provides k-one 

modulo three mean labeling of the graph Ln. 

6-one modulo three mean labeling of the graph L8 is 

shown in Figure 2.12. 
18 22 25 31 36 40 43 49 54 58 61 67 72 76 79

7970615243342516

13 19 24 28 31 37 42 46 49 55 60 64 67 73 78  
Figure 2.12: 6-OMTML of L8 

 

Definition 2.8 

 Let G = ( )m nP K  be the graph with the vertex 

set V(G) = {ui, vi, 1  i  m, 1  j  n} and the edge set 

E(G) = {uiui+1, u1vj, umvj, 1  i  m – 1, 1  j  n}. 

Theorem 2.9 

 The graph G = ( )m nP K  is a k-one modulo 

three mean graph if m  0 (mod 4) for all k  1 and for 

all n. 

Proof 

 Let {ui, 1  i  m, vj, 1  j  n} be the vertices 

and {ei, 1  i  m – 1,  aj, bj, 1  j  n} be the edges 

which are denoted as in Figure 2.13. 

u1 u2 u3 u4 u5 um-1
ume1

e2 e3 e4 . . . em-1

a1

a2

an

vn

vn

v1

bn

b2

b1

. . .

 
Figure 2.13: Ordinary labeling of ( )m nP K  

 

First we label the vertices as follows: 

Define f : V  {0, 1, 3, 4, ..., 3(k + q) – 6, 3(k + q) – 

5} by 

( )if u =

3 3 6       1 ,   odd
2

3 3 5       1 ,   odd
2

3 3 8       1 ,   even
2

3 6 3 9 1 ,   even
2

m
i k i i

m
i k i m i

m
i k i i

m
i n k i m i


   


     


    


      


 

( )if v  = 6i + 3m + 3k – 8 1  i  n 

Then the induced edge labels are: 

*( )if e  = 

3 3 5      1
2

3 3 3 5 1 1
2

m
i k i

m
i n k i m


   


       


 

*( )jf a  = 3j + 3
2

m 
 
 

 + 3k – 5           1  j  n 

*( )jf b  = 3j + 3(m + n) + 3k – 8 1  j  n 

 The above defined function f provides k-one 

modulo three mean labeling of the graph ( )m nP K . 

13-one modulo three mean labeling of the graph                   

P4 (+) 7K  is shown in Figure 2.14. 

36 3737 40 8443
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Figure 2.14: 13-OMTML of 4 7( )P K  

 

Theorem 2.10 

 The book graph K1,n  P2 is a k-one modulo 

three mean graph if n is even. 

Proof 

 Let {u, v, w, ui, vi: 1  i  n} be the vertices 

and {ai, bi, ci, 1  i  n} be the edges which are 

denoted as in Figure 2.15. 

u v

w

b1

a1

a2

a3

an

un

. . .

u3

u2

u1

vn

. . .

v1

v2

v3

c1

c2

c3

cn...
...

b2

b3

bn

 
Figure 2.15: Ordinary labeling of K1,n  P2 

First we label the vertices as follows: 

Define f : V  {0, 1, 3, 4, ..., 3(k + q) – 6, 3(k + q) – 

5} by 

( )f u  = 3k – 3, ( )f v  = 9n + 3k – 2 
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( )if u  = 6i + 3k – 8          1  i  n 

Case 1: n  0 (mod 4) 

( )if v =

6 6 3 8 1
4

2
6 6 3 2       1

4 2

2 3
6 3 3

2 4

3 8
6 3 9

4

n
n i k i

n n
n i k i

n n
i k i

n
i k i n


    


      




    

 
    


 

               

2

nf v
 
 
 
 

 = 9n + 3k – 3 

              3 4

4

nf v 

 
 
 
 

 = 
15

3 2
2

n
k   

Case 2: n  2 (mod 4) 

( )if v =

2
6 6 3 8 1

4

6 2
6 6 3 2       

4 2

2 3 2
6 3 3

2 4

3 6
6 3 9

4

n
n i k i

n n
n i k i

n n
i k i

n
i k i n


    


      




     

 
    


 

 

2

nf v
 
 
 
 

 = 9n + 3k – 3 

 3 2

4

nf v 

 
 
 
 

 = 
15

3 1
2

n
k   

Then the induced edge labels are: 
*( )if a  = 3i + 3k – 5  1  i  n 

*( )f w  = 
9 6 4

2

n k 
 

Case 1: n  0 (mod 4) 

*( )if b =

3 6 3 8 1
4

2
3 6 3 5       1

4 2

2 3
6 3 5

2 4

3 8
6 3 8

4

n
n i k i

n n
n i k i

n n
i k i

n
i k i n


    


      




    

 
    


 

 
*

2

nf b
 
 
 
 

 = 6n + 3k – 5 

*
3 4

4

nf b 

 
 
 
 

 = 6n + 3k – 2 

*( )if c =

15
3 3 5 1

2 4

15 2
3 3 2       1

2 4 2

9 2 3
3 3 2

2 2 4

9 3 8
3 3 5

2 4

n n
i k i

n n n
i k i

n n n
i k i

n n
i k i n


    


      




     

 
     


 

*

2

nf c
 
 
 
 

 = 9n + 3k – 2 

             *
3 4

4

nf c 

 
 
 
 

 = 
33

3 2
4

n
k   

Case 2: n  2 (mod 4) 

*( )if b  = 

2
3 6 3 8 1

4

6 2
3 6 3 5       

4 2

2 3 2
6 3 5

2 4

3 6
6 3 8

4

n
n i k i

n n
n i k i

n n
i k i

n
i k i n


    


      




     

 
    


 

 *

2

nf b
 
 
 
 

 = 6n + 3k – 5 

 *
3 2

4

nf b 

 
 
 
 

 = 6n + 3k – 2 

*( )if c  = 

15 2
3 3 5 1

2 4

15 6 2
3 3 2       

2 4 2

9 2 3 2
3 3 2

2 2 4

9 3 6
3 3 5

2 4

n n
i k i

n n n
i k i

n n n
i k i

n n
i k i n


    


      




      

 
     


 

 
*

2

nf c
 
 
 
 

 = 9n + 3k – 2 

 
*

3 2

4

nf c 

 
 
 
 

 = 
33 12

4

n k
 

 

The above defined function f provides k-one modulo 

three mean labeling of the graph K1,n  P2. 

10-one modulo three mean labeling of the graph  

K1,6  P2 is shown in Figure 2.16. 
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Figure 2.16: 10-OMTML of K1,6  P2 

 

3. CONCLUSION 

Here k-one modulo three mean labeling of some path 

related graphs has been disused. More such graphs can 

be labeled so that we can find properties on it which 

will be our future study.  
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